Abstract. We study complete proper minimal immersions in a bounded domain in Euclidean space. We show that for certain domains there are no such immersions. The existence of such unproper immersions is known.
Introduction
Any positive entire (i. e., defined on the whole plane) harmonic function must be a constant. This classical Liouville theorem has a remarkable extension to solutions of the minimal surface equation. S. N. Bernstein proved in 1916 that every entire solution of the minimal surface equation has to be an affine linear function (see e. g. [9] ). Since the pioneering paper of Bernstein, many works had been devoted to generalizations of this result. A discussion of various ramifications and generalizations of Bernstein's theorem can be found e. g. in [9] , [8] , [5] , [3] . We mention that for nonparametric n-dimensional minimal surfaces of codimension 1, Bernstein's theorem holds if n ≤ 7, whereas Bombieri-De Giorgi-Giusti constructed an example which shows that the theorem fails for n > 7, [1] . The natural generalization of Bernstein's theorem is to consider a complete minimal surface in Euclidean space instead of a minimal surface given as the graph of a function. It was proved that a complete minimal surface is a plane under certain restrictions on its Gauss map, see [4] .
Hoffman-Meek's halfspace theorem is an example of another type of Liouville theorem: if M is a properly immersed minimal surface in R 3 , i. e., M is a minimal surface which has a compact intersection with any compact set in R 3 , and M is contained in a halfspace, then M is a plane, [3] . The following Liouville type assertion was conjectured by Eugenio Calabi: there is no complete minimal surface in the unit ball in R 3 (see [12] ). This conjecture was recently settled in the negative [7] : there exists a complete minimal immersion X : M → B of a Riemannian surface M in the unit ball B ⊂ R 3 . Completness is understood in terms of the inner metric Actually, all such minimal surfaces M are very exceptional, i. e., weak additional assumptions leads to a nonexistence result for such surfaces. We illustrate this by the following examples. Let M ⊂ R n be a complete minimal surface, 0 ∈ M . Consider a Brownian motion ξ t on M , starting at 0, ξ 0 = 0. D. Stroock [11] proved the following formula for the expectation of |ξ t | 2 : E|ξ t | 2 = 2t, provided M is complete and minimal. Thus, if M is bounded, M must be stochastically incomplete. This proves the following propositions.
n be a minimal surface. Assume that M is both metrically and stochastically complete. Then M is unbounded in R n .
Proposition 2. Let M ⊂ R n be a properly immersed minimal surface. Then M is stochastically complete.
Let B r ⊂ M be the Riemannian disk of radius r centered at 0. Let V (r) be the Riemannian volume of B r . A. Grigorian [6] proved that the stochastic incompleteness of a Riemannian manifold implies the following growth of the volumes of balls:
Hence, if for instance M is a complete bounded minimal surface, then On the other hand, we can try to exclude the existence of bounded complete minimal surface by some additional assumptions on M in exterior terms. We conjecture that there is no properly immersed complete minimal surface in the ball B ⊂ R 3 , i. e., there is no complete minimal surface in the ball B which has a compact intersection with any compact subset of B. We prove a theorem similar to that conjecture.
Theorem. There is no properly immersed complete minimal simply-connected surface in a cube Q ⊂ R 3 .
This result and Hoffman-Meek's halfspace theorem raise the following question: whether a complete minimal surface properly immersed into a halfspace is a plane. Such assumptions are weaker than those in Hoffman-Meek's theorem, because we allow for the surface to have limit points on the boundary of the half-space.
Proof of the theorem
Since there are no nonconstant harmonic functions on the plane, it will be sufficient to prove the theorem for minimal surfaces of conformal type of a disk.
Let Q ⊂ R 3 be the cube |x k | < 1, k = 1, 2, 3, and let M be the disk |z| < 1. Let
be a proper minimal immersion. Then the coordinate functions x k will be harmonic functions on M . We define six sets E
Since X is a proper immersion any point on S belongs to at least one of the sets E k j . Hence, by Baire's category theorem there exists an interval I ⊂ S which belongs to one of the sets E k j . Without loss of generality we may assume that I ⊂ E 1 1 . Since x 1 is a bounded harmonic function defined on the disk M , then by the Fatou theorem x k has radial limits almost everywhere on S, and the function x k is given by the Poisson integral of its radial limits, see e. g. [10] . Hence x 1 is identically equal to 1 on I, and therefore x 1 is a smooth function in a neighbourhood of I.
Let α ∈ S. Consider the integral
Since x 2 is a bounded harmonic function, by the deep result of Bourgain [2] , there exists a dense set A on S such that for any α ∈ A the last integral is convergent. However the set A might be of measure 0, and it might be of the first category.
Thus there is a β ∈ I such that
On the other hand, we proved that |∇x 1 (re iβ )| < C for all 0 < r < 1, where C is a positive constant. Since minimal immersion of a Riemannian surface is a conformal map, see [9] , it follows that (dx 1 ) 2 + (dx 2 ) 2 + (dx 3 )
2 is a conformal metric on M . Thus
Combining the last inequalities we get The last inequality means that the curve X(re iβ ), 0 < r < 1, has finite length, and hence the minimal surface X(M ) is not complete. This finishes the proof of the theorem.
